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Abstract 

We construct a group measure space IIi factor that has two non-conjugate Cartan subal- 
gebras. We show that the fundamental group of the IIi factor is trivial, while the funda- 
mental group of the equivalence relation associated with the second Cartan subalgebra is 
' non-trivial. This is not absurd as the second Cartan inclusion is twisted by a 2-cocycle. 

o . 

^ ■ 1 Introduction and statement of the main results 
D 

Ph ' Murray and von Neumann introduced the fundamental group for type IIi factors in [MvN43j . 

l/^ . This notion is not related to the fundamental group of a topological space, but instead is a 

subgroup of the positive real numbers. Murray and von Neumann showed that the fundamental 
■ group of the hyperfinite type IIi factor is itself. They were not able to compute the invariant 

. for any other IIi factor. Their line "the general behavior of the above invariants - including 

fundamental groups - remains an open question" still has some truth today. Calculating the 
fundamental group of a IIi factor is a very difficult problem. 



In fact, it took almost 40 years before one proved that the fundamental group of a IIi factor 
can be different from M^. The first examples of IIi factors with "small" fundamental group 
were given in |Co80j . as Connes showed that the fundamental group of a property (T) factor 
^ I is countable. However up to now, one is unable to compute the fundamental group of any 

■ property (T) factor. 

oo ; 

I The first explicit computations of fundamental groups of IIi factors, other than the hyperfinite 

one, were established around 2002. Using his deformation-rigidity theory, Popa proved that 



(N 



O 



. the fundamental group of the group von Neumann algebra i2(SL2(Z) k W?) is trivial ( |Po02j ). 



(N 



Later he showed that any countable subgroup of arises as the fundamental group of a type 
III factor ( |Po03j ). Alternative constructions for these results can be found in |IPP05j and 
[Hou07j . 

^ I In |PV08aj and |P V08cj . Popa and Vaes showed that a large class of uncountable subgroups of 

^ ■ appear as the fundamental group of a type IIi factor. This was done through an existence 

- - - theorem, using a Baire category argument. In [DelOj . Deprez provides explicit examples of this 

phenomenon. 

In this paper we study the link between the fundamental group of a IIi factor and the funda- 
mental group of the equivalence relation associated to a Cartan inclusion in the factor. The 
notion of fundamental group for countable equivalence relations is the natural translation of 
the notion for IIi factors. More or less parallel to the results mentioned above, rigidity theory 
for equivalence relations became more developed, yielding calculations of fundamental groups 
of equivalence relations in |GC87j . [CaOlj . 
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In |FM75j . it was shown that an inclusion of a Cartan subalgebra in a IIi factor gives rise to 
a III equivalence relation TZ and a scalar 2-cocycle. If the factor is of group measure space 
type, i.e. M = 1j°°[X) xi G where G r\ {X, fx) is a free ergodic probability measure preserving 
action, then TZ is the orbit equivalence relation of the action G r\ X and the 2-cocycle is 
trivial. It follows immediately from the definitions that the fundamental group of the orbit 
equivalence relation TZ{G X) is a subgroup of J^(L°°(X) xi G). In many cases, one calculates 
the fundamental group of a group measure space IIi factor by proving that equality holds. 
However, in |Po061 §6.1] Popa gives an example of a free ergodic probability measure preserving 
action of a countable group such that F{1Z{G r\ X)) = {1} and J'(L°°(X) x G) = M^, so the 
biggest possible difference can be realized. Earlier, Popa found free ergodic probability measure 
preserving actions for which T{TZ{G r\ X)) is countable, while the IIi factor L°°(X) xi G has 
fundamental group ( jPo901 Corollary of Theorem 3] and jPo861 Corollary 4.7.2]). 

The question we address is in some sense "opposite" to these results of Popa. We construct a 
group measure space IIi factor M = L°°(X) xi G with trivial fundamental group, but admitting 
a Cartan subalgebra A that is non-conjugate to L°°(X) and for which the associated equiva- 
lence relation has non-trivial fundamental group. By the previous paragraphs, the equivalence 
relation associated to the second Cartan inclusion A C M must come with a non-trivial 2- 
cocycle. Indeed, otherwise its fundamental group would be a subset of J-{M). Therefore our 
results are closely related to earlier constructions of IIi factors with several Cartan subalgebras. 

The first example of a IIi factor with two Cartan subalgebras that are not conjugate by an 
automorphism was given by Connes and Jones in |CJ82j . In jOPOSl §7], Ozawa and Popa gave 
more explicit examples of this phenomenon. In fact, a IIi factor can have uncountably many 
non-conjugate Cartan subalgebras (see |Po86) . |Po90j . |Po06) and |SVllj ). 

The concrete IIi factor M that we construct in this paper is an amalgamated free product 
(AFP). Several rigidity theorems, including computations of fundamental groups, for such 
AFP III factors were obtained in [IPP05j . Our proof that J~{M) = {1} uses the techniques of 
|IPP05j and the recent work of |Iol2j on Cartan subalgebras in AFP IIi factors. 
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Statements of the main results 



We first fix the setting of the example. 
Notation 1. Let n > 6 even and define S as 



/SL2(Z) 


V 





SL2(; 





Set 








SL2(Z)/ 



< SL„(Z) . 



F = SL„(Z) *E (S X A) , 

where A is a countable infinite group. Let q :T ^ SL„(Z) be the quotient map, i.e. q{g) = g 
for all g € SL„(Z) and q{X) = e for all A G A. Fix a prime p and consider the action F 
through q. Remark that this action preserves Z". Write G := Z" xi F. 
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Define X := {Z'^f. Embed Z^J into X hy i : ^ X : z ^ (ag(z))ggr- Now consider the 
action G r\ X, where acts by translation after embedding by i, and T acts by Bernoulh 
shift. One can see that this is a free ergodic probabihty measure preserving action. Throughout 
this paper we denote by M 

M := L°°{X) X G = L°°{{Z^f) x (Z" x (SL„(Z) *s (S x A))) 

the associated group measure space IIi factor. 

We will prove that M has a Cartan subalgebra that is non-conjugate to L°°(X). We describe 
the associated equivalence relation, that comes with a non-trivial 2-cocycle. We compute its 
fundamental group as well as J-{TZ{G r\ X)). 

Theorem 2. With G r\ X as in NotationUl M := L°°(X) x G has at least two Cartan subal- 

(8)>C(Z") that are not conjugate by an automorphism 
of M . Denote the associated equivalence relations by TZi and 7^2- Then the following holds: 

1. F{M) = ^(7^l) = {!}, 

2. T{n2) = I A; G Z} . 

This theorem follows from Theorem 1131 Theorem 1171 and Theorem 1211 

2 Preliminaries 

2.1 Group actions on measure spaces 

Definition 3. |Po03|. §1.5] Let G be a locally compact second countable group and G r\ [X, fi) 
a Borel action preserving the finite or infinite measure /i. The action is called s-malleable if 
there exists 

• a one-parameter group {ctt)teR of measure preserving transformations of X x X, 

• an involutive measure preserving transformation /3 oi X x X, 

such that 

• at and /3 commute with the diagonal action G r\ X x X, 

• ai{x,y) € {y} x X for almost all {x,y) X x X, 

• /3{x,y) e {x} X X for almost ah {x,y) e X x X, 

• ato (3 = p o a^t for all t € M. 

Definition 4. A non-singular action G r\ {X, of a locally compact second countable group 
G on a standard measure space (X, /i) is called essentially free and proper if there exists a 
measurable map vr : X — t- G such that 'K[g ■ x) = giT{x) for almost all {g, x) G G x X. 

Definition 5. Let F r\ (X, /i) and A r\ (y, v) be essentially free, ergodic, non-singular actions 
of countable groups on standard measure spaces. 
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• Let 5 : r — 7> A be a group isomorphism. A 5-conjugacy of the actions a and /3 is a 
non-singular isomorphism A : X ^ Y such that A{g ■ x) = 5{g) ■ A{x) for all g €T and 
a.e. X € X. 

• A stable orbit equivalence between the actions a and /3 is a non-singular isomorphism A : 
Xq — )• Yq between non-negligible subsets Xq C X,Yq CY, such that A is an isomorphism 
between the restricted orbit equivalence relations Tl{T r\ X)^Xo ^^^'^ 7^(A r\ Y)^Yo- The 
compression constant of A is defined as c(A) := ^j^'d) • 

a 13 

Remark 6. Let T r\ (X, /i) and A r\ (y, v) be essentially free, ergodic, probability measure 
preserving actions of countable groups on standard measure spaces. By definition, a stable 
orbit equivalence between a and /3 is a measure space isomorphism A : Xq — ?• Yq between 
non- negligible subsets Xq d X^Yq (ZY ^ satisfying 

A(r • a; n ATo) = A • A(a;) n Yq 

for a.e. x € Xq. By ergodicity of L r> X, we can choose a measurable map Q : X ^ Xq 
satisfying 0(x) G F • x for a.e. x ^ X. Denote Aq := A o 0. By construction Aq is a local 
isomorphism from X to Y . This means that Aq : X — > y is a Borel map and that X can be 
partitioned into a sequence of non- negligible subsets W C X, such that the restriction of Aq to 
any of these subsets W is a measure space isomorphism of W onto some non-negligible subset 
of y. Also by construction Aq is orbit preserving, meaning that for a.e. x,y X we have that 
X G r • y iff Ao(x) G A • Ao(y). 

Definition 7. Let F A- {X, fi) be an essentially free, ergodic, non-singular action of a countable 
group on a standard measure space. We say that a is induced from Fi r\ Xi, if Fi is a subgroup 
of F, Xi is a non-negligible subset of X and 5 • n is negligible for all (7 G F — Fi. 

2.2 Fundamental groups 

The fundamental group J-{M) of a IIi factor (M, r), introduced in |MvN43] . is defined as the 
following subgroup of Ml. 



T{M) 



r{q) 



p, q are non-zero projections in M such that pAdp = qMq > . 



An ergodic probability measure preserving measurable equivalence relation with countable 
equivalence classes on a standard probability space {X, ji) is called a IIi equivalence relation. 
The fundamental group J'i'R-) of a IIi equivalence relation TZ is defined as 



j-(7e) 



2.3 Different types of mixing 



Definition 8. |Sch84l §2] Let G be a countable group, {X, /i) a standard probability space and 
G r\ X a, probability measure preserving, ergodic action. We say that G r\ X \s 

1. weakly mixing if for every e > 0, every n G N and all measurable ^41, . . . , An C X there 
is a g G G such that for all i,j G {1, . . . , ?i} we have 

\^l{A,r\gAj) - ^{Ai)^i{Aj)\ < e . 
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2. mildly mixing if for every measurable set B C X with < < 1, 

lim inf fi{BAgB) > , 

3. strongly mixing if for all measurable sets A, B C X we have 

lim n{A n gB) = fi{A)fi{B) . 

Examples of actions satisfying the strongest of these conditions include all Bernoulli actions of 
countable groups. 

Proposition 9. lSch84 . Proposition 2.3] Let G r\ {X,fi) be a measure preserving, ergodic 
action of a countable group on a standard probability space. Then G r\ (X, /i) is mildly mixing 
if and only if for every non-singular, properly ergodic (i.e. every G-orbit has measure zero) 
action G r\ (Y, u) on a a-finite standard measure space, the product action G r\ {X xY, fj,x i') 
is ergodic. 

If we restrict G r\ (Y, u) to probability measure preserving actions on standard probability 
spaces, Proposition [9] gives a characterization of weakly mixing actions. It is now clear that 
3 ^ 2 ^ 1 in Definition El 



2.4 Cocycle superrigidity 

Definition 10. |Po051 Definition 2.5] A Polish group is of finite type if it can be realized as a 
closed subgroup of the unitary group of some IIi factor with separable predual. 

All countable and all second countable compact groups are Polish groups of finite type. 

Definition 11. |Po051 Definition 2.5] A non-singular action G r\ {X,fi) of a locally compact 
second countable group G on a standard measure space {X,fi) is called Ufin-cocycle superrigid 
if every 1-cocycle for the action G r\ {X, fi) with values in a Polish group of finite type Q is 
cohomologous to a continuous group morphism G ^ Q. 

The following is a slightly different version of jPo051 Proposition 3.6 (2)] (see also |Fu861 Lemma 
3.5]). 

Lemma 12. Let G r\ {X, fi) be a non-singular action of a countable group G on a standard 
measure space {X,fj,). Let to : G x X ^ Q be a 1-cocycle with values in the Polish group Q with 
a bi-invariant metric. Let H < G be a subgroup and assume that u}{h,x) = 6{h) for all h £ H 
and a.e. x € X, where 5 : H ^ Q is a group morphism. For any (70 € G such that the diagonal 
action Hq = H D g^^UgQ r\ X x X is ergodic, x 1— )■ ijj{gQ,x) is essentially constant. 

Proof. For any h G Hq denote a{h) = gohg^^ and remark that h, a{h) € H. For all h G Hq 
and a.e. x € X we have 

6{a{h))uj{go,x) = Lo{a{h), go ■ x)uj{go, x) 

= ^{a{h)go,x) 

= Lo{goh,x) 

= oj{go, h ■ x)uj{h, x) 

= Lo{go,h- x)5{h) , 
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so u){gQ,h ■ x) = 6{a{h))uj{gQ,x)6{h~^). Now consider the map 99 : X x X — > R : (x, y) i-> 
d{u{go,x),u){go,y)). Then if is essentially invariant under the diagonal action Hq r^- X x X, 
as the metric is bi-invariant. But as Hq r\ X x X is ergodic, ip has to be essentially constant, 
hence 0. This proves that x 1— )• uj{go,x) is essentially constant. □ 

3 The fundamental group of M is trivial 

Theorem 13. With G r\ X and M = L°°(X) x G as in NotationUl we have T{M) = {!}. 
Hence also F{n{G r^X)) = {l}. 

We first prove two general lemmas. 

Definition 14. Let p be a projection in a von Neumann algebra M. Denote by Z{M) the 
center of M and by zm{p) the central support of p in M. We define the *-isomorphism 

ipp : Z{M)zm{p) Z{pMp) by ipp{m) = mp . 

Lemma 15. Let K be a compact abelian group with countable dense subgroup Z. Let Ti and 
T2 be two countable groups with a common subgroup E such that [Ti : S] > 2 and : S] > 3. 
Denote T = Ti * r2 and suppose that there exist gi, g2, ■ ■ ■ , dn £ T such that n^j^^jS^^"^ is 

finite. Assume that T acts on K by continuous group automorphisms {ag)g^r preserving Z . 
Embed K in by i : K ^ : k ^ {ag{k))g^r- Write M := L°°{K^) x {Z x T) where Z 
acts on by translation after embedding by i and T acts by Bernoulli shift. 

Let p be a projection in M and let a : M ^ pMp be a stable automorphism of M. Denote 
B := L^{K^) X Z. Remark that Z{B) = L'=^{K^ /i{K)). 

1. There exist projections q,r € B such that after composition of a with an inner automor- 
phism of M , we have a{q) = r and a{qBq) = rBr. 

2. Furthermore, the ^-isomorphism ^ : Z{B)zB{q) — Z{B)zB{r) given by the composition 
of 

Z{B)zB{q) ^ Z{qBq) 4 Z{rBr) Z[B)zB{r) 
is a stable orbit equivalence between the action T r\ /i{K) and itself. 

Proof. Denote X = . Note that B is amenable and that M = BxT. By |Iol21 Theorem 7.1] 
we get that a{B) B and that B -<m a{B). Remark that B' n M = L°°{X/i{K)) = Z{B). 
|Va071 Lemma 3.5] then gives 

Z{B) a{Z{B)) and a{Z{B)) <m Z{B) . (1) 

Since Z{B) is regular in M and a{Z{B)) is regular in pMp, ([1]) implies that L^(Af)p can 
be written as a direct sum of Z{B)-a{Z {B))-himodules with dim{—^(^2:(B))) finite and that 
pL^(M) can be written as a direct sum of a{Z{B))- Z{B)-him.odules with dim(— ^^^-j) finite. 

So L^(M)p admits a non-zero ^(i?)-a(^(S))-subbimodule with dim{2.(B)~) finite and dim(— 
finite. This means that there exists 

• a projection s G M„(C) (8) a{Z{B)) 
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• a non-zero partial isometry v E (Mi^„(C) M)s 

• a unital *-homomorphism : Z{B) — )■ s(Af„(C) (8) a{Z{B)))s 

such that 6'(Z(S)) C s(Af„(C) ® has finite index and hv = ve{h) for all h G 

Manipulating s^v and 0, we obtain projections z G Z{B),t € a(-Z(5)), a non-zero partial 
isometry v € Mt and a unital *-isomorphism : Z{B)z — t- a{Z{B))t such that 6f = for 
all b G 

Remark that Z{By DM = B, vv* G and v*v G a(i?)t. One verifies that va{Z{B))v* = 
vv* Z{B)vv* . By taking relative commutants in vv*Mvv* , it follows that va{B)v* = vv*Bvv*. 
Extend f to a unitary u G M. Define q := a~^{v*v) G B and r := vv* G Then {Aduoa){q) = 
r and (Ad uo a) (qBq) = rBr. 

We now prove the second part of the lemma. For any projection q ^ B define the set Xq as 
follows: 

Xq := {v G qMq | u is a partial isometry with v*v, vv* G qBq and vBv* = vv*Bvv*} . 

For every v ^ Xq there exists a unique *-isomorphism O^, : Z{B)zb{v*v) — )• Z{B)zb{vv*) 
satisfying 

e^{h)v = vb for all b G Z{B)zb{v*v) . 

Denote by Q C X/i{K) the support of the projection ZB{q)- By construction the restricted 
orbit equivalence relation IZiV r\ X/i{K))\Q is generated by the graphs of 6^ with v £ Xq. To 
conclude the proof it suffices to remark that a{Xq) = X^. □ 

Recall that an infinite subgroup H of a group F is wq-normal in F if there exists an increasing 
sequence {Hn)n of subgroups of F with Hq = H, U„-ff„ = F and such that for all n the group 
Hn is generated by the elements 5 G F with \gHn-ig~^ n Hn-i\ = 00. 

An inclusion of groups H CT has the relative property (T) of Kazhdan-Margulis if any unitary 
representation of F that almost contains the trivial representation of F must contain the trivial 
representation of H. We call such H a rigid subgroup of F. 

Lemma 16. Let K be a compact group and let T be a countable group. Assume that F admits 
an infinite rigid subgroup that is wq-normal in F. Assume that F acts on K by continuous 
group automorphisms {ag)g^Y- Embed K in by i : K ^ : k i-^ {ag{k))g^r- Then the 
action K x F where K acts by translation after embedding by i and F acts by Bernoulli 

shift, is Ufin-cocycle superrigid. 

Proof. Let oj : [K x F) x — t- ^ be a 1-cocycle for the action K xi T r\ with values in 
a Polish group of finite type. By Popa's cocycle superrigidity theorem |Po05|. Theorem 0.1] we 
may assume that the restriction w : F x — )> Cy is a group morphism 6, i.e. uj{g, x) = 5{g) for 
all (j( G F and a.e. x G . It remains to prove that ^^\Ky.K^ ^ group morphism. 

For all g G r,k £ K and a.e. x G we have 

u{ag{k),g ■ x)6{g) = u{ag{k), g ■ x)uj{g,x) 
= uj{ag{k)g,x) 

= ^{gk,x) 

= uj{g, k ■ x)uj{k, x) 
= K9)^{k,x) 
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so that io{ag{k),g ■ x) = 6{g)uj{k, x)5{g)^^ . Applying [PVOSbl Lemma 5.4] to the restriction 
uj : K X — )• Q then gives that W|xxxr is essentially independent of . It follows that uj is 
a group morphism. □ 



Remark that for V = SL„(Z) *s (S x A) as in Notation [H SL„(Z) is an infinite rigid subgroup 
that is wq- normal in F. We now prove Theorem 1131 

Proof of Theorem\13[ Let p be a projection in M and let q : M — >■ pMp be a stable automor- 
phism of M. We will prove that p = 1, i.e. a is an automorphism of M. This means that 



Denote K := and Z := Z'\ Recall that X = with T as in Notation [1] and that 
M = L°°{X) X (Z XI r) where Z acts by translation after embedding by i and T acts by 
Bernoulh shift. Denote B := L°°(X) x Z. Remark that Z{B) = L°°{X/i{K)). By LemmaHS] 
there exist projections q,r B such that after composition of a with an inner automorphism 
of M, we have a{q) = r and a{qBq) = rBr. Furthermore ^'o : Z{B)zB{q) — > Z{B)zB{r) given 
by the composition of 



is a stable orbit equivalence of the action F r\ X/i{K). To simplify notation in the rest of the 
proof, we will use z{q),z{r) for zsiq), ZB{r) respectively. 

Denote by Q,7^ C X/i{K) the support of z{q),z{r) respectively. Let Aq : 7?, — Q be the 
measure space isomorphism such that ^^{h) = b o Aq for all b G Z{B)z{q) = L°°(Q). By 
ergodicity of the action F r\ X/i{K), we can extend Aq to a local isomorphism from X/i{K) 
to X/i{K) that is orbit preserving, as explained in Remark [6l 

Let Gi be the locally compact second countable group K x F, having K as a compact open nor- 
mal subgroup. By Lemma [TU] the action Gi r\ X where K acts by translation after embedding 
by i and F acts by Bernoulli shift, is Ufin-cocycle superrigid. Remark that the restricted action 
a^x is proper by compactness of K and that Gi/K r\ X/i[K) is the action F r\ X/i{K). 

Since the action F r\ X/i{K) is mixing, it is not induced from a proper subgroup. Applying 
[PVOSbl Lemma 5.10] to the stable orbit equivalence Aq between the action F r\ X/i{K) and 
itself, we find an open normal subgroup Ki <\ Gi such that the following holds. 

(i) The restricted action (T\Kx is proper. 

(ii) The actions Gi/Ki r\ X/Ki and F r\ X/i{K) are conjugate through a non-singular 
isomorphism A : X/Ki —?■ X/i{K) and a group isomorphism 5 : Gi/Ki — > F. 

(in) Ao(i(i^) • x) G F • A{Ki ■ x) for almost ah x e X. 

Since the restricted action Ki r\ X is essentially free and proper, there exists a measurable map 
vr : X — 7> Ki such that Tr{k ■ x) = A;7r(x) for almost all {k,x) G Ki x X. Then the pushforward 
of the invariant probability measure on X is an invariant probability measure on Ki . So Ki is 
compact. Since Ki is a compact normal subgroup of Gi = i^T x F, the image of Ki in F is a 
finite normal subgroup of F. Being an ice group (i.e. a group with infinite conjugacy classes), 
F has no non-trivial finite normal subgroups. It follows that the image of Ki in F is trivial, so 
that Ki C K. 

As Ki is open and K is compact, Ki is a finite index subgroup of K. So K/Ki is a finite 
normal subgroup of G\lK\. By (ii) the group Gi/Ki is isomorphic to F, hence Gi/Ki has no 



HM) = {1}. 




-1 
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non-trivial finite normal subgroups. But then K/Ki is trivial, so Ki = K. It follows that 6 
is a group automorphism of V and that A : X/i{K) X/i[K) is a (5-conjugacy between the 
action F r\ X/i{K) and itself, satisfying 

^Q{i{K)-x)(^T ■ ^{i{K)-x) (2) 

for almost all x € X. Remark that A is a measure space isomorphism, as any conjugacy 
between ergodic probability measure preserving actions is measure preserving. In particular, 
the compression constant of Aq is 1. 

Then, by ergodicity of the action T r\ X/i{K), one can build a measure space isomorphism 
Ao : XjiiK) X/i{K) such that Ao|7^ = Ao|7^ and Ao(i(A') • x) G T • Ao(i(-fC) • x) for almost 
all X € X. In particular, Aq still satisfies ^ for almost all x G X. 

It follows that there exists a unitary u € {X/i{K)) x F such that u{ho Ao)ii* = 5o A for all 
h € {X / i{K)) . Recall that the stable orbit equivalence (p~^ oaoipq of the action V r\ X/i{K) 
is given by {(p^^ o a o </?g)(6) = b o Aq = 6 o Aq for all b € Z{B)z{q). Replacing r by uru* and 
a by Adn o a, we then find that {^p^^ o ao ipq){b) = 6 o A for all b G Z{B)z{q). 

To summarize, we found a group automorphism (5 of F and a (5-conjugacy A of the action 
F r\ X/i{K) such that {p>r^ o a o ipq){b) = 6 o A for all b G Z{B)z{q). For convenience, we 
denote ^'(5) = 5 o A for ah b G L'^{X/i{K)). 

Let T be the unique tracial state on M. We show that after composition with an inner auto- 
morphism of M, a satisfies 

a{b) = ^(6)po for ah b G Z{B)z{q) , (3) 

where po is a projection in B of trace T{p)T{z{q)). The proof makes use of the following equality. 
For every projection qQ < qwe have 

Ez{B){a[qQ)) = r{p)^{Ez[B){qG)) ■ (4) 

Here E 2,(^3) denotes the unique trace preserving conditional expectation of M onto Z{B). To 
see that (jH) holds, first remark that a{xq) = ^(x)r for all x G Z{B). Then use the fact that a 
is r-scaling {t o a = t{p)t) and that E^^b) ^^'i ^ r-preserving to show that 

r{^{x)Ez(^B)ia{qo))) = r(^'(x)a(go)) 

= r(a(xgo)) 
= r(p)r(xgo) 
= T{p)T{Ez(^B){xqo)) 
= T{p)T{^{x)^{Ez^B){qo))) 

for all X G Z{B). Formula (jH) follows. 

We will show that there exist partial isometrics Vn,Wn G B satisfying the following properties: 
Vn'^n < q ) o{v^v„) = w^Wn , VnV*^ = z{q) , WnW^ mutually orthogonal . (5) 

n 

Then define po := ^lUnit'n- Note that po is a projection in B of trace T{p)T{z{q)). Define 
V := X^„, iL'n«('yn) ^ Remark that vv* = po and v*v = a{z{q)). Extend u to a unitary 
u G M. One verifies that {Adu o a){b) = ^(6)po for all b G Z{B)z{q) so that ([3]) is shown. 
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It remains to prove the existence of the partial isometries in Consider the set 

^ = { { i'>^n, Wn) e B X B \ V^Vn < q, a(f >„) = W^Wn, 

VnVn mutually _L, WnWn mutually _L } } . 

Remark that {{q,r)} G J'. The set is partially ordered by inclusion. By Zorn's lemma, 
take a maximal element {{vn,Wn) \ n} of J'. It suffices to show that "^VnV^ = z{q). Assume 
that '^VnV^ < z{q). Then there exists a partial isometry v (z B such that v*v < q and 
vv* < z{q) — "^VnV*. We claim that 

a{v*v) -< z{r) - J2 Wnwl , (6) 

where -< refers to the comparison of projections in i?. So there exists w (z B such that 
10*71: = a{v*v) and ww* < z{r) — "^WnW^. This means that we can add {v^w) to the family 
{{vn,Wn) I n}, contradicting its maximality. It remains to prove ([6]). Using (jl]) we find that 

On the other hand 

Ez^B){z{r)-Y,WnWl) = ^{z{q))-T{p)^{E2^B){Y,VnV*J) 

n 

= ^{Ez{B){z{q) - T{p)Y,VnV*n)) • 

n 

Since t{p)vv* < z{q) - T{p)^Vnvl, it is clear that £^2(B) < Ez[B){z{r) - Yl'^nW^) 
and dni) follows. 

We now have that a{b) = ^{h)pQ for all h G Z{B)z{q). Note that E2,[b){po) = 't{p)z{''')- Using 
ergodicity of the action F r\ X/i{K), one builds a unitary in n G M such that after composition 
with Ad u, a satisfies 

a{b) = for ah b G Z{B) , 

where p is a projection in B. 

Denote by {ag)g^r the action of F on L°°(X) x Z, implemented by Adn^ and corresponding 
to the Bernoulli action on L°°(X) and given by Og on CZ. Since the relative commutant of 
L°°{X/i{K)) inside M equals L°°(X) x Z, it follows that 

= ^g'^gP ^h g G F, where Ug G p(L°°{X) xi Z)ag{p) . 

Note that 

ujguj*g = p , uj*gUjg = ag{p) sud iOgh = Lo g ag{ujh) foi all g,h £T . 

By Theorem [231 (see Section [6]) there exists a projection q G B(^^(N)) ® LZ with (Tr(8)r)(q') = 
t(^), a partial isometry v G B(C,^^(N)) ® (L°°(X) x Z) and a family of partial isometries 
Ig e g(B(£2(N)) ® /:Z)o-g(g) satisfying 7^7* = 9,7*75 = o"g(g) and 7g/j = 79^^9(7/1) such that 

v*v = p , vv* = g and ujg = 7^ for all (7 G F . 

Here we view B(C,^2(pj)) ^ B(C ® ^^(p^)^ C ^ ^2(pj~))_ 

Denote by E the map TrC^id : B(^^(N)) % LZ LZ. Since q and crg(g) are equivalent in 
B(£2(N))^/:Z, we get that E{q) = ag{E{q)) for all 5 G F. Remark that {CZ,t) is isomorphic 
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to (L°°(T"'),A) where A denotes the Lebesgue measure on T". By ergodicity of the action 
r T", it follows that E{q) is equal to a constant C / 0. Viewing g as a measurable function 
on that takes values in the projections of B(^^(N)), we have that Tv{q{x)) = C for almost 
all X in T". In particular, Tr(q(x)) > 1 almost everywhere. Integrating over T", we find that 
(Tr(8)r)(g) > 1. Because (Tr(8)r)(g) = r(p) < 1, we must have p = 1. This means that a is an 
automorphism of M. □ 



4 M has a Cartan subalgebra that is non-conjugate to L°°(X) 

Theorem 17. With G nv X as in Notation\^ L°° ® CI/" is a Cartan subalgebra of 

M = L°°{X) X G that is non-conjugate to L°°{X). The associated equivalence relation is the 

- — - (Z")'" - — ^ - — ' 

orbit equivalence relation of the action xi F r> T" x where TD^ acts on T" = by 

translation and trivially on j^n^, and V acts on both factors in the natural way. 
We will prove this theorem using the more general Lemma [TBI below. 

Lemma 18. Let Z be a compact abelian group and Z < Z a countable subgroup. Let Zq < Z 
be an infinite subgroup. Assume that Z acts on Z by translation. Let T be a countable group 
that acts on Z by continuous group automorphisms (ag)ggr preserving Z and Zq. Define 

M := L°°(Z) X (Z X r) . 

Denote Zq := Zq. Assume that for all g T : {z — ag{z) \ z £ Zq} is either infinite or trivial. 
Denote Tq := {<? G F | ag{z) = z for all z G Zq}. Assume that {x ^ \ C(g{x) = x} has 
infinite index in for all g S ro\{e}. 

Assume finally that Z D Zq = Zq. Then A := C{Zq) ^L°°(^) = L°°{Zq x ^) is a Cartan 

subalgebra of M and the induced equivalence relation on Zq x is given by the action {Zq x 

^) x T r\ Zq X where Zq x acts on Zq x ^ by translation and F acts on both factors 
in the natural way. 

Proof. Writing the Fourier decomposition of an element in M, one easily checks that 

£(Zo)'nM = L°^(^) X (ZxFo) . (7) 
Zq 

Now let x e L-(f )' n >^ {Z x Fq)). Write x = E(s,3)gZxro ^it^ a,,g G 

L°° (^1^) . Then for all / G L°° (^-^^^ we have 

fa{^,g)Hs,9) = Yl f {isZQ,gy^-)a^s,g)U(s,g) ■ 
{s,g)ez-^ro (s,c;)eZxiro 

So for all {s,g) £ Z x Fq, we get that fa(^g g-j = f {{sZq, g)^^ ■ ) 0(s,g) for all /. By assumption 
{x G ^ I ag{x) = x} has infinite index in for all g £Tq \ {e}. By |SV1H Lemma 5] we find 
that To ^ is essentially free. So if {s,g) Zq then = 0. This implies that 

f#lVnfL- (^)^iZxTQ)]=L^ (4-)^Zq. 
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In combination with ([7]), we get that A is maximal abelian in M. 

For any co € Z we define the unitary U^^ G L°°{Z) by U^^{x^ = uj{x). One easily checks that A 
is normalized by {us \ s G Z}, {ug | 5 G T} and {U^) \ oj G Z}. So A is regular in M and hence 
^ is a Cartan subalgebra of M. 

It remains to understand the induced equivalence relation. We check how Adn^, Adn^ and 
Ad act on A for s G Z, 5 G F, a; G -E. 

It is clear that Adn^ does not act on C{Zq), but only on L°°(-^) by translating by the class of 
s in Furthermore Adu^ acts both on C{Zq) and L°°(-^) in the usual way. Finally AdC/oj 
only acts on L°°(Zo) by restricting to a character on Zq and then translating by this character. 

We found actions of F and Zq on L°°(Zo x -^). Remark that for sdl s G Z, g £ T,oj G Z 
we have 

Ad Ug Ad Us = Ad u^^f^g-j Ad 

and 

Ad ?7a; Ad Ug = Ad Ug Ad Uuj{g~^ • ) . 
It follows that the induced equivalence relation is given by the orbits of the action 

2oX — ) xFrvZoX — , 
ZqJ Zq 

where Zq x acts on Zq x ^ hy translation and F acts in the natural way. □ 

Proof of Theorem 17. Let F be as defined in Section 1. We apply Lemma [T8l for F nv Z = (Z^)'" 
and Z = Zq = Z", where we embed into {Z^f by i : ^ {Z^f : z ^ {ag{z))g(zr. 

Remark that for any g £ T the set {z — ag{z) \ z £ Z""} is either infinite or trivial. Indeed, if 
X £ {z — ag{z) I z G Z"'} then all integer multiples of x are also in this set. Set Fq := {5 G F | 

ag{z) = z for all z G Z"}. Let g G Fo\{e}. It is clear that {x G -jj^rrj \ (y.g{x) = x} has infinite 
index in 



So the conditions of LemmafTSlare satisfied and L°° ( 4^ j ® = L°° ( \^ x T" ) is a Cartan 



7^^^ 



subalgebra of M. The associated equivalence relation is given by the action x F r% T" x 
where only acts on T*^ = Z" and F acts on both factors. □ 

From now on we denote by TZ2 the equivalence relation associated with the Cartan algebra 
of Af. 



5 The fundamental group of IZ2 is non-trivial 

Finally, we prove that the fundamental group of the equivalence relation given by Theorem [T7] 
is non-trivial and can be explicitly computed, using techniques from |PV08bj . 

The following lemma can easily be checked. 
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Lemma 19. Let n > 2. For all [fii, . . . , fin)'^ G we find 

{{z,0,...,0f,{0,z,...,0f,...,{0,0,...,zf} C SL„(Z) • ifii, . . . , ^inf , 
where z = gcd(^i, . . . 

We now describe the SL„(Z)-invariant subgroups of 

Lemma 20. If G < is a SLn{Z,) -invariant subgroup then either G = {0},G = (aZ)" for 

some a G Z[i] or G = /or some 6 G Z. 

Proof. Suppose G ^ {0}. If G is finitely generated, set G = (oi, . . . , am)- Choose I G N such 
that 

0-i — \ • • • ) r) 

pi pi 

with ajj G Z for all By Lemma [T9l G = {^'L)'^ with a = gcdjj(ajj). Suppose G is not 
finitely generated. Then, using Lemma [TUl for each A; G N we find > k and G Z, p f 
such that . . . , jk^f G G and if \a'\ < \ak\ then . . . , ^ G. Set bk = gcd,<fc(ai). 

Let 6 = limfc_^oo bk- One verifies that G = (6Z[i])"'. □ 



Theorem 21. Lei G r\ X as in NotationUl Denote by 7^2 equivalence relation associated 



with the Cartan subalgebra L°°(^§1^) ® L{1I') of M . Then J■(7^2) = {p''" | /c G Z}. 



Proof. It follows from Theorem [T7] that 7^2 is the orbit equivalence relation of the action 
Zp XI r r> T" X . We will compute its fundamental group using |PV08bl Lemma 5.10]. 

Therefore we write the action as a quotient action ^ ^• 



Recall that g : L — )■ SL„(Z) denotes the quotient map. Let T act on Z[i]" and on Z^ through 
q. Denote 



G = (^Z[-]" xZ'^j X r and X = x {Z'^f 

Define i : Z^ — > (Z^)^ : z i-)> ((7 • z)ger- Let G r\ X where Z[^]^ x Z^ acts by translation after 
embedding by i and T acts on M" through g' and on (Z^)'" by Bernoulli shift. Set = Z" x Z^. 
Then < G is an open normal subgroup and the restricted action N r\ X is proper. Observe 
that (^f r> f ) = (^Z;j X r r> X We wih prove Theorem ED in two steps. 

Step 1: G r\ X is ^/m-cocycle superrigid. 

We first prove that SL„(Z) r> X is ^//i„-cocycle superrigid, using |PV08b[ Theorem 5.3]. So 
we need to prove that SL„(Z) r> X is s-malleable, that the diagonal action SL„(Z) r> X'^ has 
property (T) and that the 4- fold diagonal action SL„(Z) X"^ is ergodic. 

As SL„(Z) nv (Zp)'" is a Bernoulli action with diffuse base space, it is s-malleable (see |Po031 
§1.6]). Also SL„(Z) ^ is s-malleable (see the proof of [PVOSbl Theorem 1.3]), hence so is 
SL„(Z) ^1. 

Next we prove that SL„(Z) r\ X^ has property (T). This is very similar to the proof of 
|PV08bl Lemma 5.6]. Denote by (ej)j=i^...^„ the standard basis vectors in M". The orbit 
of (61,62) G M" X M" under the diagonal SL„(R)-action has complement of measure zero. 
Hence we can identify SL„(Z) r\ with SL„(Z) r\ SL„(M)/Fo x X x X where Hq = 
StabgL^(ig)(6i, 62). Now by [PVOSbl Proposition 3.5] SL„(Z) r\ X'^ has property (T) if and 
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only if Ho SL„(Z)\SL„(M) x X x X has property (T). But SL„(Z)\SL„(M) x X x X is a 
probability space, and as Hq has property (T), so does the action Hq r\ SL„(Z)\SL„(]R) xX xX 
by |PV08bl Proposition 3.2]. 

We still need to show that SL„(Z) r\ X'^ is ergodic. From |PV08bl Lemma 5.6] we know that 
SL„(Z) r\ (M")^ is ergodic. In fact this action is properly ergodic. Now SL„(Z) r\ (Z^)'" is 
mixing and hence mildly mixing. It follows from Proposition [9] that SL„(Z) r\ X^ is ergodic. 

So SL„(Z) r\ M" X {Z^f is Z^/i„-cocycle superrigid. 

Now let oj : (^(Z[i] x Zp)" x p) x (M" x (Z^)^) Q he a 1-cocycle for the action G r\ X 
with values in a Polish group of finite type. By the previous paragraphs, we may assume that 
uj\Shn{z) is ^ group morphism. Let a € Z[i], 6 € Zp be any two elements. Write 

(a, b)i = (((0, 0), . . . , (0, 0), (a, 6), (0, 0), . . . , (0, 0))^, e) e (Z[i] x Zp)" x F 

where we write (a, b) in the i row. Then SL„(Z) n (a, b)iSLn{Z){a, b)~^ = Hi, where Hi is the 
group of matrices in SL„(Z) that leave all vectors {a,b)i invariant. One easily sees that this 
means the i*'^ column of the matrix has to be the i^^ unit vector. Note that H^ is isomorphic 
to SL„„i(Z) X Z"-i. 

By Lemma [T^ it now suffices to prove that Hi r\- X"^ is ergodic for all i to get that cj is a group 
morphism on (Z[^]" x Zp) x SL„(Z). But as Hi acts mixingly on (Zp)'", by Proposition [9] it 
suffices to prove that Hi r\ (M")^ is properly ergodic. 

We show that Hi r\ (M")^ is properly ergodic. Let F : M" x M" — )• M be an f^i-invariant func- 
tion. For all xi,Xn+i € M, the map Fxj^^x„^i '■ M""-*^ x W^~^ — >• M : {x2, ■ ■ ■ , Xn,Xn+2, ■ ■ ■ , X2n) '-^ 
F(xi, . . . , X2n) is SL„_i(Z)-invariant. By ergodicity of the diagonal action SL„_i(Z) (M""-*^)^ 
(see [PVOSbl Lemma 5.6]) we find that is essentially constant for all xi,Xn+i G K, say 

Cxi,xn+i- Set £' : — > M : i-^ Cx-i^^x„+i- Then for almost all {xi,Xn+i) € M^, for 

almost all (x2, • • • , Xn, Xn+2, ■ ■ ■ , X2n) S M""^ X R"~^ and for all 02, . . . , € Z we have 

E{xi,Xn+l) 
= F{xi,. . . ,X2n) 

= F{xi + 02X2 + . . . + anXn, X2,... , X„, Xn+l + a2Xn+2 + ■ ■ ■ + anX2n, Xn+2, X2n) 
= E{xi + a2X2 + . . . + anXn,Xn+l + a2X„+2 + • • • + anX2n) ■ 

Hence E is essentially constant. It follows that F is essentially constant. Furthermore it is 
clear that any ffi-orbit is negligible. So Hi r\ (M")^ is properly ergodic. The same reasoning 
holds for all i, so that w is a group morphism on (Zf^]" x Zp) x SL„(Z). 

In particular cj is a group morphism on (Z[i]"' x Zp) x E and this commutes with A. To 
conclude that (Z[i]" x Zp) x F x (Zp)^ is W/j„-cocycle superrigid, by Lemma [12] it 

suffices to prove that the diagonal action (Z[i]" x Z^) x S r> M" x x ((Zp'")^ is ergodic. 
Let F : M" X M" X ((Zp^)^ ^ M be a (Z[|]'' x Zp x S-invariant function. As Z[i]" is dense 
in M", F satisfies F{x, y, z) = H{x - y, z) where H -.W x {{Z'^Yf M is Z^ x S-invariant. 

So H is S-invariant. As S acts on ((Z^)'")^ mildly mixingly, it suffices to see that S r\ M" is 
ergodic. But this is true, as SL2(Z) r\ is ergodic. 

So we have shown that (Z[i]"' x Z^) x F ^ x (Z^)'" is Z///j„-cocycle superrigid. 
Step 2: J•(7^2) = {p'^" | G Z}. 
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To prove this we use |PV08bl Lemma 5.10]. Let /i be the canonical measure on X and fix a 
Haar measure A on G. Remark that the action G r\ [X^fj) is essentially free, ergodic and 
measure preserving. 

Note that for any open normal subgroup Nq of G for which the restricted action Nq r\ X is 
essentially free and proper, there exists a canonical (not necessarily finite) measure /iTVo on 
such that r\ {^,fJ'No) is ergodic and measure preserving. Indeed, since Nq acts essentially 

freely and properly on X, we can write X as A'o x and under this bijection fl corresponds 
to A|7Vo X ^J'No ■ In the rest of the proof we will make use of these (not necessarily normalized) 
measures. 

Recall that = x is an open normal subgroup of G and that the restricted action 
N r\ X is essentially free and proper. Remark that /i^v is a finite measure. 

Let A : ^ — >■ ^ be a stable orbit equivalence between ^ ^ ^ and itself. By |PV08bl Lemma 
5.10], there exists 

• a subgroup Aq < and a non- negligible subset Yq C ^, such that a is induced from 

Ao nv Yo, 

• an open normal subgroup Ni <i G such that the restricted action Ni r\ X is proper, 

such that ^ ^ and Aq r\- Yq are conjugate through a non-singular isomorphism and a 
group isomorphism. But ^ r\ ^ is weakly mixing and hence it is not an induced action. 

So we find Ni <] G open, such that Ni r\ X is proper and such that ^ and ^ r\ ^ 
are conjugate through the non-singular isomorphism ^' : — > ^ and the group isomorphism 
5 : — > Furthermore we have 

G 

A{N • x) e — • ^'(Afi • x) for almost all x e X . (8) 

It follows from the ergodicity of the actions ^ and ^ r\ ^ that ^ is measure scaling 

and that ^u^r^ is a finite measure. The compression constant c{^) equals ^^^^^^ . By ^ the 

compression constant of A is the product of c{^) and the compression constant of the canonical 
stable orbit equivalence between ^ ^ ^ and ^ The latter is 1 (with respect to the 

non-normalized measures fi^ and fJ-Ni)- Hence c(A) = c(^) = 

Set P := (Z[i] X Zp)"-. We show that Ni <\P. Let g : T ^ SL„(Z) be the quotient map as 
in Notation [1] and write Tq = ]ier(q). Then Tq ^ ^ is given by id X To r> M" X (Z^^ where 
Tq acts on (Zp'" by Bernoulli shift. Now consider the subset [0, 1]" x (Z^^ C X. This set is 
globally invariant under A'"inro and A^inTo r\- [0, 1]" x (Zp)'" is still essentially free and proper. 
So there exists a measurable map vr : [0, 1]" X (Zpr ^ iVi n To such that Tr{g ■ x) = g7r{x) 
for almost all {g,x) G A^i n Tq x ([0, 1]" x (Z")'"). But this implies that Ni n Tq is compact. 



as the pushforward of the invariant probability measure on [0, 1]" times {Zp)^ is an invariant 
probability measure on A'^i CiTq. So A'^i n Tq is finite. Being an ice group, T has no non-trivial 
finite normal subgroups. As A'^i n Tq is normal in F, it has to be trivial. 

Now take xg ^ Ni where x G P, (7 G F. Then for all A G Fq we have 

Ni 3 {xg)-^\{xg)\-^ = g-^x-^\xg\-^ = g-^\g\-^ G Fq . 
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So Xg\ ^ = g for all A G Fq, hence g = e. We have found that A'^i <l P. 

As Ni is open, there exists / G N such that ({0} x p'Zp)" < Ni. Since x p'Zp)" < P 



has finite index, also N2 := A''i n x p Zp)"^ < Ni has finite index. It is clear that 

N2 = N3 X (p'Zp)" for some iVg < Furthermore N3 is SL„(Z) -invariant as A''2 is normal 

in G. 

By Lemma [2Ul A'^s is either {0}, (aZ)" for some a G or for some 6 G Z. Remark 

that N2 r\ X is proper. Hence N3 / for 6 G Z. As A'2 has finite index in Ai and 

Ni r\ X has finite covolume, also A2 r\ X has finite covolume. So A3 7^ {0}. We conclude 
that A3 = (aZ)" for some a G Z[i] and A2 = (aZ x p'Zp)". 

In particular we found A2 < Ai such that A2 and A = Z" x Z^ are commensurate. But 
as A2 has finite index in Ai, this implies that A^i and A are commensurate. It follows that 

I^n{X/N) _ [Ni-.NnNi] ^/ A N _ [Ni-.NnNi] 

mA^/Ni) ~ [N:NnNi] ■ ^y^) - [N:NnNi] ' 

Set 

pi:A^P^^^^-^ and p, : N, ^ P ^ ^ ^ ^ . 

As A and A^i are commensurate, both Im(pi) and Im(p2) are finite abelian normal subgroups 
of ^. But then p-p{lm{pi)) = {e} for i = 1,2, so Im(pj) is a finite subgroup of a p-group. One 
verifies that | Im(pj)| is a power of p", say | Im(pj)| = p"'' for z = 1, 2, G Z. So we see that 

= I Im(pi)| = [A : ker(pi)] = [A : A n Ai] , 
= I im(p2)| = [Ai : ker(p2)] = [Ai : A n Ai] . 

It follows that c(A) = ^^.'j^l^l^^ - l = p'^" for some A; G Z. Since F{TZ2) is the group generated 
by the compression constants of stable orbit equivalences between 7^2 and itself, we find that 
J^(7^2) C I A: G Z}. 

To prove the other inclusion remark that Ai = ^Z" x Z^ < Z[i]" x Z^ is open and that 

the restricted action Ni nv X \s proper. Define the group isomorphism 5 : ^ ^ hy 

6{z,s,g) = {pz,s,g). Set : — )■ ^ : = {px,y). It is clear that this defines 

a measure preserving isomorphism. Then composition of ^ with the canonical stable orbit 
equivalence between % and ^ <^ ^ defines a self stable orbit equivalence oi jj r\ ^ 

with compression constant p"'. So J-{TZ2) = {p^"' | A; G Z}. □ 



6 A cocycle superrigidity theorem 

We prove the following twisted version of Popa's cocycle superrigidity theorem |Po051 Theorem 
5.5] for Bernoulli actions of groups admitting an infinite rigid subgroup that is wq-normal (see 
the discussion preceding Lemma [16] for the terminology). 

The theorem is an adapted version of |SV1H Theorem 11] for generalized 1-cocycles. 

Definition 22. Let (crg)ggr be an action of a countable group F on a von Neumann algebra A. 
Let g G A be a projection. A generalized 1-cocycle for the action (fTg)ggr on A with support 
g is a family of partial isometrics (7g)g(=r in Q^^^gil)-, satisfying 7g7g = Qilglg = (^g{Q) and 
Igh = Ig CTgi'jh) for ah g,hGT. 
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For any von Neumann algebra M we denote by M°° the von Neumann algebra M°° := 
B{(!.'^{n))®M. 

Theorem 23. Let K he a compact group with countable subgroup Z < K . Let T he a countable 
group. Assume that T admits an infinite rigid subgroup that is wq-normal in T . Put X = . 
Assume that T acts on K by continuous group automorphisms (ag)ggr preserving Z . Embed Z 
in X by i : Z ^ X : z ^ {ag{z))gi=r ■ Put 

N := L°°{X) X Z 

where Z acts on X by translation after embedding by i. Denote by {ag)g(zY' the action ofT on 
N such that ag is the Bernoulli shift on L°°{X) and is given by Og on CZ . Let p & N be a 
non-zero projection. 

• Assume that q € {CZ)°^ is a projection and that (7g)ggr is a generalized 1-cocycle for 
the action of T on {CZ)°° with support q. Assume that v € B(C,£^(N)) N is a partial 
isometry satisfying v*v = p and vv* = q. Then the formula 

ujg:=v*-fgag{v) (9) 

defines a generalized 1-cocycle {Ljg)g^r for the action {ag)g^r on N with support p. 

• Conversely, every generalized 1-cocycle for the action {ag)g^Y on N is of the above form 
with 7 being uniquely determined in the following sense: if {'^g)g and {(pg)g both satisfy 

then there is a unitary u S {CZ)°° such that ipg = u'ygag{u*) for all g £ T. 

Proof. It is clear that the formulae in the theorem define generalized 1-cocycles. Conversely, 
let p G be a projection and assume that the partial isometrics {u}g)g(zr define a generalized 
1-cocycle for the action {ag)g^r on N with support p. Denote by Ezi^n) '■ L°°(X) x Z ^ 
L°°(X/i(Z)) the trace preserving conditional expectation of N onto its center. Since p and 
crg{p) are equivalent in A^, we have E2(N)ip) = Ez{N){(^gip)) = ^g{Ez{N){p)) fo^' all 5 G T- By 
ergodicity of F nv X/i{Z)., it follows that E2,[n){p) is constant, i.e. E2,[n){p) = 't{p) where r 
denotes the tracial state on N . But then p is equivalent in to any projection in CZ of trace 
t{p). So we may assume that p G CZ. 

Consider the action Z r\ X x K given by 

Z ■ {{Xg)g, k) = {{ag{z)Xg)g, Zk) fOT Sll Z G Z, {x g) g £ X,k £ K . 

Put M := L°°{X X K) xi Z. We embed TV C A/" by identifying the element Fuz € N with 
the element (F l)uz € Af whenever F S L°°(X), z £ Z. Also (<Tg)ggr extends naturally to 
a group of automorphisms of Af with ag{l iSi F) = 1 ® (F o a^-i) for all F G L°°{K). Define 
P = Ij°°{K) X Z. View P as a subalgebra of Af by identifying the element Fu^ G P with the 
element (1 (8> F)uz S Af whenever F € h'^{K), z £ Z. Remark that the restriction of ag to P 
is given by ag{Fuz) = (F o ag-i)ua^(^z) for ah F G L°°(i^), z £ Z. 

Denote by R the hyperfinite IIi factor. Let r £ Rhe a, projection of trace r(p). Recall that 
p £ CZ. Denoting by -^'^(p^ij) : P ® R ^ L°° {K / i{Z)) 1 the trace preserving conditional 
expectation of P (g) i? onto its center, we have that -£^2(P^/?)(1 ^ ^) = -^2{p®_r)(p "X) 1) = ^ip)- 
It follows that 1 r and p^l are equivalent in P R. Take u £ P ^ R with uu* = 1 (8) r and 
u*u = piSi 1. Now view u and Ug in Af <Si R and define 

i^g := uu}g{ag (g) id)(u*) £ U{Af'®rRr) . 
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One verifies that i^g is a 1-cocycle for tfie action {ag ® id)ggr on M (8) rRr, i.e. a family of 
unitaries satisfying Ugh = Vg {(Jg ® id){uh) for all g,h €T. 

Define A: XxK^XxK hy A{{xg)g, k) = {{ag{k)xg)g, k) and denote by A* the automor- 
phism of L°°(X X K) given by A*(F) = F o A~^. One checks that the formula 

$ : L°°{X)^ P ^ M : ^{F Gu,) = A^F ^ G)u, 

for all F G h°°{X), G € h°°{K) and z G Z, defines a *-isomorphism satisfying $ o (ag lE) (Jg) = 
(Tg o $ for all 5 G r. Define 

= $(g,id^ : L°°{X)^P®R^M^R. 

Put /Xg := ^'"^(I'g). It follows that {iXg)g^Y is a 1-cocycle for the action {ag ® (Jg <^ id)ger on 
L°°(X) ® P ® rRr. By Popa's cocycle superrigidity theorem |Po05l Theorem 5.5] and directly 
applying ^ again, we find a unitary v G hl{J\f ® rRr) and a 1-cocycle (5g G Z//(P ® rRr) for the 
action {ug ® id)ger on P (g) ri?r such that Vg = v*5g{ag (g) id)(f) for all g & 

Define w := u*vu and pg := u*(5g((Tg (8)id)(ti) for all g & Then t/; G U{pJ\fp®R). Furthermore 
Pg G pPag{p) (8) i? is a family of partial isometries satisfying pgp* = pi^l, p*pg = ag{p) 01 and 
Pffh = Pgi(^g <8) id)(p/i) such that 

LOg = w* Pg {ag (g) Id) (w) for all g . 

Consider the basic construction for the inclusion N C Af R denoted by A/i := {M ® R, ejy)- 
Put T := we]\fW*. Since (yg{w) = PgWUg, it follows that (Tg(T) = p*Tpg. Also note that 
T eL^{Mi), that T = pT and that Tr(r) = r(p). 

Define for every finite subset F C T, the von Neumann subalgebras Njr c and TVjr c A/" 
given by 

Njr := L°°(A:-^) X Z and A> := L°°(A:-^ x AT) x Z . 
For every finite subset J-" C F, we have the following commuting square 

A^ C Af^R 
U U 

Njr c Afjrl^R . 

Remark furthermore that N(Afjr (g R) is dense in M R. It follows that we can identify the 
basic construction {Mjr R^cnj,) for the inclusion Njr c Mj^ ® R with the von Neumann 
subalgebra of Mi generated by Mj^ (8) R and e^. Remark that for J-" = 0, we get that the basic 
construction Pi := {P ® R,ecz) is isomorphic to the von Neumann subalgebra of A/i generated 
by Pigi? and cat. Denote by || • ||2 the 2-norm on L^(A/i) given by the semi-finite trace. Under 
this identification we have 

y L2((A(F^P,e^^))" =L2((AA^P,e;v» . 

Note that {P ® R, ecz) C (A/jf (g R, e^j-) for all C F. Denote by Ej: the trace preserving 
conditional expectation of A/i onto (A/jr (8) R^e^jr) Choose e > 0. Take a large enough finite 
subset J-" C F such that 

||r - i?^(T) II2 <e. 

Since T = pgag(T)p*, we get that ||T — pg(Tg(ii^jr(T))/9* II2 < e. As pg G P i0 R, it follows that T 
lies at distance at most e from (A/jr„-i iS)R,e]\f _,). Since T also lies at distance at most e from 
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(8) R, eNjr), we conclude that T lies at distance at most 2e from (A/j-nj-^-i (8) -R, eN^^^^_-^) 
for all g G r. We can choose 5 such that T PI J-'s'"^ = and conclude that T lies at distance at 
most 2e from Pi. Since e > is arbitrary, it follows that T G Pi. 

So we can view T as the orthogonal projection of L^(P (g) P) onto a right £Z submodule of 
dimension t(p). Since pT = T, the image of T is contained in pL?{P (g) P). Take projections 
g„, G CZ with ''"(^n) = t{p) and a right £Z-linear isometry 

e : 0g„L2(/:z) ^pL2(P^P) 

onto the image of T. Denote by Wn G pl?{P ® P) the image under of qn sitting in position 
n. Note that 

Wn = PWn , Ecz{WnWm) = Sn,mqn and ^ = ^ ^^nerz^fn 

nGN 

where in the last formula we view T as an element of Pi. Identifying Pi as above with the von 
Neumann subalgebra of A/i generated by P (8) P and bat , it follows that 

r = ^ WneNWn ■ 
nGN 

Since T = we^w* , we get that pe^ = '^^'w*WneNWnW. Denote x := e^w^w. It follows 
that |xp = w*WneNw'^w = w*WneNW^weN = |xpeAr. Then also |x| = |x|e7v and hence 
cnw^w = CNW^weN- So w*Wn G L^(A/') preserves L^(A^). We conclude that w*Wn G L^(A^) 
for all n. It follows that w^Wm G L^(A^) for all n,m. Since also w^Wm G L^(P (g) P), we have 
w*Wm G L^(/:Z). But then, 

Sn,mqn = Ecz{w^Wm) = W^Wm ■ 

So, the elements Wn are partial isometries in P (g) P with mutually orthogonal left supports 
lying under p and with right supports equal to Qn- Since X^,„t((7„) = t{p), we conclude that 
the formula 

W := ei,n (g) 

n 

defines an element I^ G B(£2(N),C) P0 R satisfying WW* = p, W*W = q where q G 
{CZ)°^ is the projection given by q := ^„ e„„ (g g^- We also have that v := W*w belongs to 
B(C,£^(N)) ^iV and satisfies v*v = p, vv* = q. 

Recall that T = pg(7g(T)p*g. Let 7 : T — > U{q{CZ)°°q) be the unique group homomorphism 
satisfying 

©(TsO = PgUgOiO for all g G r, e G qnL^CZ) 

n 

where Ug is the unitary on L^(P (g P) implementing the action ag on Pi. By construction 
W'yg = pgag{W) loT all g GT. Since = i«* pg ag{w), we conclude that ujg = v* jg (Jg{v). 

We finally prove that 7 is unique up to unitary conjugacy. Assume that we also have a projection 
^1 G {CZ)°° , a generalized 1-cocycle (pg for the action F r> {CZ)°° with support gi and a partial 
isometry ui G B(C,^^(N)) (g)iV with i;J'ui = p and uii;i = g'l, such that ujg = i^i tpg ag{vi). Then 
the element viv* G qiN°°q satisfies fiw* = ipgag{viv*)j* for all 5 G T. Denote by Ejr the 
unique trace preserving conditional expectation Ejr : N — )• Njr. Choose e > and denote by 
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II • II2 the 2-norm on N°° given by the semi- finite trace Tr (8)t. Take a large enough finite subset 
/" C r such that 

\\viv* - (idB(^2(p^)) ® Ejr){viv*)\\2 < e . 
Since viv* = ipgag{viv*)j*, we also get that 

\\VIV* - V9g(idB(£2(N)) ^ CTg O Ejr){viV*)-f*\\2 < C . 

Recall that ^g,^g £ {CZ)°°. Similarly as above we conclude that viv* lies at distance at most 
2e from {CZ)°°. Since e > is arbitrary, it follows that viv* G {CZ)°°, providing the required 
unitary conjugacy between 7 and 99. □ 
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